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Abstract
On the category of pairs of topological spaces having a homo-
topy type of CW complexes the singular (co)homology theory was
axiomatically studied by J.Milnor [Mil]. In particular, Milnor gave
additivity axiom for a (co)homology theory and proved that any ad-
ditive (co)homology theory on the given category is isomorphic to
the singular (co)homology. On the other hand, the singular homol-
ogy is a homology with compact support [E-S]. In the paper [Mdz1],
L. Mdzinarishvili proposed partially compact support property for a
cohomology theory and gave another axiomatic characterization of
the singular cohomology theory [Mdz1]. In this paper, we will give
additional different axiomatic characterizations of the singular coho-
mology theory. Moreover, we will study connections of the mentioned
axiomatic systems.
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1 Introduction
Let K2Top be the category of pairs of topological spaces, K
2 be any admissible
subcategory [E-S] of the category K2Top and Ab be the category of abelian
groups.
A sequence H∗ = {Hn, δ}n∈Z of contravariant functors H
n : K2 → Ab is
called a cohomological [E-S] if:
1H) for each object (X,A) ∈ K
2, G ∈ Ab and n ∈ Z there exists a
δ-homomorphism
(1.1) δ : Hn−1(A;G)→ Hn(X,A;G),
where Hn−1(A;G) ≡ Hn−1(A, ∅;G).
2H) the diagram
(1.2)
Hn−1(B;G) Hn(Y,B;G)
Hn−1(A;G) Hn(X,A;G)
δ
δ
(f|A)
∗ f ∗
is commutative for each continuous mapping f : (X,A) → (Y,B) (f ∗ :
Hn(Y,B;G) → Hn(X,A;G) and (f|A)
∗ : Hn−1(B;G) → Hn−1(A;G) are
the homomorphisms induced by f : (X,A) → (Y,B) and f|A : A → B,
correspondingly).
A cohomological sequence H∗ = {Hn, δ}n∈Z is called the cohomology
theory in the Eilenberg-Steenrod sense on the category K2 if it satisfies
the homotopy, excision, exactness and dimension axioms for the given K2
category [E-S]. It is known that up to an isomorphism such a cohomology
theory is unique on the category K2PolC of pairs of compact polyhedrons
[E-S]. Analogously, is defined the unique homology theory H∗ = {Hn, ∂}n∈Z
on the category K2PolC [E-S].
Let K2CW be the category of pairs of topological spaces having a homotopy
type of CW complexes. The singular (co)homology theory on the category
K2CW was first axiomatically described by J. Milnor [Mil]. He proved the
uniqueness theorem using the Eilenberg-Steenrod axioms and the additivity
axiom:
AD (Additivity axiom): If X is the disjoint union of open subspaces
Xα, α ∈ A with inclusion maps iα : Xα → X , all belonging to the
category K2CW , then the homomorphisms i
∗
α : H
n(X ;G) → Hn(Xα;G)
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(iα∗ : Hn(Xα;G) → Hn(X ;G)) must provide a projective (an injective)
representation of Hn(X ;G) (Hn(X ;G)) as a direct product (a direct sum).
In [Mil] the following is proved:
Theorem 1.1. (see the Uniqueness Theorem in [Mil]) Let H∗ be an additive
homology theory on the category K2CW with coefficients group G. Then for
each (X,A) in K2CW there is a natural isomorphism between Hn(X,A;G)
and the n-th singular homology group of (X,A) with coefficients in G.
At the end of the paper [Mil] it is mentioned that ”the corresponding
theorem for cohomology groups can be proved in the same way”, which can
be formulated in the following way:
Theorem 1.2. Let H∗ be an additive cohomology theory on the category
K2CW with coefficients group G. Then for each (X,A) in K
2
CW there is a
natural isomorphism between Hn(X,A;G) and the n-th singular cohomology
group of (X,A) with coefficients in G.
Another axiomatic characterization of the singular cohomology theory
was given by L. Mdzinarishvili. In particular, in [Mdz1] a cohomology theory
with a partially compact support was defined:
Definition 1.3. (see Definition 2 in [Mdz1]) A cohomology theory H
∗ for
which there is a finite exact sequence
(1.3) 0→ lim←−
2n−3H1Fα → · · · → lim←−
1Hn−1Fα → H
nX →
→ lim←−H
nFα → lim←−
2Hn−1Fα → · · · → lim←−
2n−2H1Fα → 0,
where F = {Fα}α∈A is the direct system of all compact subspaces Fα of
X directed by the inclusion, is called a cohomology theory with partially
compact supports.
Using the partially compact support property, the following results are
obtained [Mdz1]:
Theorem 1.4. (see Theorem 4 in [Mdz1]) For the singular cohomology of
any topological space X there is a finite exact sequence
(1.4) 0→ lim
←−
2n−3H1sFα → · · · → lim←−
1Hn−1s Fα → H
n
sX →
→ lim
←−
Hns Fα → lim←−
2Hn−1s Fα → · · · → lim←−
2n−2H1sFα → 0,
where H∗sFα = H
∗
s (Fα;G), H
∗
sX = H
∗
s (X ;G).
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Corollary 1.5. (see Corollary 1 in [Mdz1]) If X is a polyhedron and {Fα}
is a system of compact subspaces of X, then for the singular cohomology
there is a short exact sequence
(1.5) 0→ lim←−
1Hn−1s Fα → H
n
sX → lim←−H
n
s Fα → 0.
Theorem 1.6. (see Theorem 5 in [Mdz1]) Let h be a homomorphism from
cohomology H to cohomology H ′, that is an isomorphism for one-point
spaces. If H and H ′ have partially compact supports, then h is an isomor-
phism for any polyhedron pair.
In the paper we will propose the universal coefficients formula as one
more axiomatic characterization of the singular cohomology theory (cf. Ax-
iom D in [Ber]).
UCF (Universal coefficients formula): For each space X there exists a
functorial exact sequence:
(1.6) 0→ Ext(Hsn−1(X), G)→ H
n(X ;G)→ Hom(Hsn(X), G)→ 0,
where Hs∗(X) is the singular homology groups with coefficients in Z.
Besides, we consider a cohomological exact bifunctor which has a com-
pact support property for an injective coefficients group and prove the
uniqueness theorem for it (cf. Theorem 1 in [In]).
EFSA (Exact functor of the second argument): A cohomological sequence
H∗ = {Hn, δ} is called exact functor of the second argument if for each short
exact sequence of abelian groups
(1.7) 0→ G→ G′ → G′′ → 0,
and for each space X ∈ K2 there is a functorial natural long exact sequence:
(1.8)
· · · → Hn−1(X ;G′′)→ Hn(X ;G)→ Hn(X ;G′)→ Hn(X ;G′′)→ . . . .
CSI (Compact support for an injective coefficients group) For each injec-
tive coefficients group G there is an isomorphism
(1.9) Hn(X ;G) ≈ lim
←−
Hn(Fβ;G),
where F = {Fα}α∈A is a direct system of compact subspaces of X .
Moreover, we study the connections between these different axiomatic
approaches.
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2 A Nontrivial internal cohomological exten-
sion
Let H∗ = {Hn, δ}n∈Z be a cohomological sequence defined on the category
K2 of pairs of some topological spaces, which contains the category K2PolC
of pairs of compact polyhedrons and let h∗ be a cohomology theory in the
Eilenberg-Steenrod sense on the subcategory K2PolC . The sequence H
∗ is
called an extension of the cohomology theory h∗ in the Eilenberg-Steenrod
sense defined on the categoryK2PolC to the categoryK
2 ifH∗|PolC = h
∗ [Mdz2].
The cohomological sequence H∗ is called a nontrivial internal extension of
the cohomology theory h∗ if the following conditions are fulfilled:
1NT ) H
∗ is an extension of the cohomology theory h∗ in the Eilenberg-
Steenrod sense defined on the category K2PolC to the category K
2;
2NT ) the exact sequence
(2.1) 0→ lim
←−
1Hn−1(Fα, Eα;G)→ H
n(X,A;G)→ lim
←−
Hn(Fα, Eα;G)→ 0
holds, where F = {(Fα, Eα)} is a direct system of pairs of compact subspaces
of X , such that Eα = Fα ∩ A;
3NT ) the commutative diagram
(2.2)
lim
←−
1Hn−1(Lβ ,Mβ;G) Hn(Y,B;G)
lim
←−
1Hn−1(Fα, Eα;G) Hn(X,A;G)
lim
←−
1f˜ ∗ f ∗
holds for any continuous mapping f : (X,A) → (Y,B) from K2, where
f˜ ∗ : {Hn(Lβ ,Mβ;G), (jβ,β′)
∗,B} → {Hn(Fα, Eα), (iα,α′)
∗,A} is mapping of
the inverse systems induced by f ;
4NT ) H
∗ satisfies the exactness axiom.
Theorem 2.1. If H∗ is a nontrivial internal extension of cohomology the-
ory h∗ in the Eilenberg-Steenrod sense defined on the category K2PolC to the
category K2CW , then it is a theory in the Eilenberg-Steenrod sense on the
category K2CW .
Note that in the next section a nontrivial internal extension of cohomol-
ogy theory will be called a cohomology of Mdzinarishvili sense as well.
Proof. Homotopy Axiom. By the property 4NT ), it is sufficient to show for
the absolute case. For this aim, let us show that for eachX from the category
6 A. Beridze and L. Mdzinarishvili
K2CW the inclusions i0, i1 : X → X × I induce the same homomorphism
i∗0 = i
∗
1 : H
n(X × I;G) → Hn(X ;G), where i0(x) = (x, 0), i1(x) = (x, 1).
Let F = {Fα}α∈A be a direct system of compact subspaces Fα ⊂ X . In
this case the system F × I = {Fα × I}α∈A is a confinal subsystem of the
system E = {Eβ}β∈B of all compact subspaces Eβ ⊂ X×I. Indeed, for each
Eβ consider its projection Fα = p(Eβ), where p : X × I → X is defined
by the formula p(x, t) = x. In this case Fα is compact and Eβ ⊂ Fα × I.
Let i˜0 = {i
α
0}, i˜1 = {i
α
1} : {Fα}α∈A → {Fα × I}α∈A are the canonical
mappings induced by i0 and i1. Consider the corresponding mappings i˜0
∗
=
{(iα0 )
∗}, i˜1
∗
= {(iα1 )
∗} : {Hn(Fα × I;G)}α∈A → {H
n(Fα;G)}α∈A and the
induced commutative diagram:
(2.3)
0 lim←−
1Hn−1(Fα × I;G) Hn(X × I;G) lim←−
Hn(Fα × I;G) 0
0 lim←−
1Hn−1(Fα;G) Hn(X ;G) lim←−
Hn(Fα;G) 0,
lim
←−
1(iαk )
∗ i∗k lim←−
(iαk )
∗
where k = 0, 1. On the other hand, for each Fα the inclusion maps i
α
0 , i
α
1 :
Fα → Fα × I belongs to the category K
2
PolC
and are homotopic and so
by virtue of condition 1NT ), (i
α
0 )
∗ = (iα1 )
∗ : Hn(Fα × I;G) → H
n(Fα;G).
Therefore, lim←−(i
α
0 )
∗ = lim←−(i
α
1 )
∗ and lim←−
1(iα0 )
∗ = lim←−
1(iα1 )
∗. On the other hand,
if we consider the system p˜ = {pα} : {Fα × I} → {Fα} induced by the
projection p : X × I → X , then it induces the following commutative
diagram:
(2.4)
0 lim←−
1Hn−1(Fα;G) Hn(X ;G) lim←−
Hn(Fα;G) 0
0 lim←−
1Hn−1(Fα × I;G) Hn(X × I;G) lim←−
Hn(Fα × I;G) 0.
lim
←−
1pα
∗ p∗ lim←−
pα
∗
Note that, for each α ∈ A, ik ◦ pα ∼ 1Fα×I in the category K
2
PolC
and so
p∗α ◦ i
∗
k = (1Fα×I)
∗ = 1Hn(Fα×I;G), k = 0, 1. Therefore, we obtain:
(2.5) lim←− p
∗
α ◦ lim←−(ik)
∗ = lim←−(1Fα×I)
∗,
(2.6) lim←−
1p∗α ◦ lim←−
1(ik)
∗ = lim←−
1(1Fα×I)
∗.
Consequently, by the diagrams (2.3) and (2.4) we obtain that p∗◦i∗k, k = 0, 1
are isomorphisms. On the other hand, p ◦ i0 = p ◦ i1 and so i
∗
0 ◦ p
∗ = i∗1 ◦ p
∗.
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Therefore
(2.7) i∗0 ◦ (p
∗ ◦ i∗0) = (i
∗
0 ◦ p
∗) ◦ i∗0 = (i
∗
1 ◦ p
∗) ◦ i∗0 = i
∗
1 ◦ (p
∗ ◦ i∗0).
Consequently, we obtain that i∗0 = i
∗
1.
Excision Axiom. Let (X,A) ∈ K2CW , then A is closed subspace of X . Let
U be an open subspace of A such that U¯ ⊂ IntA. Consider the coresponding
inclusion map iU : (X \ U,A \ U)→ (X,A) and let us show that it induces
the isomorphism:
i∗U : H
n(X,A;G) ∼= Hn(X \ U,A \ U ;G).
Indeed, let F = {(Fα, Eα)}α∈A is the system of all compact pairs of sub-
spaces of X , such that Eα = Fα ∩A. Let L = {(Lβ ,Mβ)}β∈B be the system
of all compact pairs of subspaces of X \U , such thatMβ = Lβ∩(A\U). Let
us show that (iU)
−1(F) = {((iU)
−1(Fα), (iU)
−1(Eα))}α∈A = {(Fα \ U,Eα \
U)}α∈A is a confinal subsystem of the system L = {(Lβ ,Mβ)}β∈B. Indeed,
let (Lβ,Mβ) be any pair of the system L. In this case, Lβ ⊂ X \ U ⊂ X
and Mβ = Lβ ∩ A. Therefore, (Lβ,Mβ) is a pair of the system F. On the
other hand, (Lβ,Mβ) = (iU)
−1(Lβ ,Mβ). Consider the canonical mapping
i˜U = {i
α
U} : {(Fα \ U,Eα \ U)} → {(Fα, Eα)}, which induces the mapping
i˜U
∗
= {(iαU)
∗} : {Hn(Fα, Eα;G)} → {H
n(Fα \ U,Eα \ U ;G)}.
Consider the corresponding commutative diagram:
(2.8)
0 lim←−
1Hn−1(Fα, Eα;G) Hn(X,A;G)
0 lim←−
1Hn−1(Fα \ U,Eα \ U ;G) Hn(X \ U,A \ U ;G)
lim←−H
n(Fα, Eα;G) 0
lim←−H
n(Fα \ U,Eα \ U ;G) 0.
lim←−
1(iαU)
∗ i∗U
lim←−(i
α
U)
∗
For each α ∈ A consider Uα = Fα∩U . In this case, Uα is an open subspace of
X \U and U¯α ⊂ intEα. On the other hand, (Fα \U,Eα \U) = (Fα \Uα, Eα \
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Uα) and so i
α
U : (Fα \ Uα, Eα \ Uα) → (Fα, Eα) is an inclusion map which
belongs to the category K2PolC . Therefore, i
α
U induces the isomorphism (i
α
U)
∗ :
Hn(Fα, Eα;G) ∼= H
n(Fα \U,Eα \U ;G). Consequently, the homomorphisms
lim
←−
(iαU )
∗, lim
←−
1(iαU )
∗ and so i∗U are isomorphisms.
Dimension Axiom. For each one-point space X = {∗} the direct system
F = {Fα}α∈A of compact subspaces is a constant direct system, where
Fα = {∗}. Consequently, we obtain the following short exact sequence:
(2.9) 0→ lim←−
1Hn−1(∗;G)→ Hn(∗;G)→ lim←−H
n(∗;G)→ 0.
On the other hand, lim
←−
1Hn−1(∗;G) = 0 for all n ∈ Z and Hn(∗;G) =
lim
←−
Hn(∗;G) = 0 for n 6= 0.
3 Relations between different axiomatic sys-
tems for the singular cohomology theory
In this paper we will say that a cohomological sequence H∗ defined on the
category K2CW of pairs of topological spaces having a homotopy type of CW
complexes is:
1) a cohomology theory in the Milnor sense if it is a cohomology theory
in the Eilenberg-Steenrod sense and it satisfies an additivity axiom;
2) a cohomology theory in the Mdzinarishvili sense if it is a nontrivial
internal extension of the cohomology theory in the Eilenberg-Steenrod sense
defined on the category K2PolC to the category K
2
CW ;
3) a cohomology theory in the Berikashvili-Mdzinarishvili-Beridze sense
if it is an extension of the cohomology theory in the Eilenberg-Steenrod
sense defined on the category K2PolC to the category K
2
CW and it satisfies the
exactness and UCF axioms on the category K2CW (cf. axiom D of [Ber]);
4) a cohomology theory in the Inasaridze-Mdzinarishvili-Beridze sense if
it is an extension of the cohomology theory in the Eilenberg-Steenrod sense
defined on the category K2PolC to the category K
2
CW and it satisfies the EFSA
and CSI axioms on the category K2CW (cf. [In]).
Theorem 3.1. If H∗ is a cohomology theory in the Mdzinarishvili sense
defined on the category K2CW of pairs of topological spaces having a homotopy
type of CW complexes, then it is a cohomology theory in the Milnor sense.
Proof. By theorem 2.1, if H∗ is a cohomology theory in the Mdzinarishvili
sense defined on the category K2CW , then it is a theory in the Eilenberg-
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Steenrod sense. Therefore, it is sufficient to show that it is an additive
theory.
Let X ∈ K2CW be a disjoint union of open subspaces Xα, α ∈ A with
inclusion maps iα : Xα → X , all belonging to the category K
2
CW . Let F =
{Fβ}β∈B be a direct system of all compact subspaces of X . Let Fα,β =
Xα
⋂
Fβ, then Fα = {Fα,β}β∈B is the subsystem of the system F and there
is a natural inclusion iα = {iα,β} : Fα → F, which is induced by the
inclusion iα : Xα → X. Consequently, for each α ∈ A we have the following
commutative diagram:
(3.1)
0 lim←−
1Hn−1(Fβ ;G) Hn(X ;G) lim←−H
n(Fβ;G) 0
0 lim←−
1Hn−1(Fα,β ;G) Hn(Xα;G) lim←−H
n(Fα,β;G) 0.
lim←−
1(iα,β)
∗ (iα)
∗ lim←−(iα,β)
∗
Therefore, the following diagram is commutative as well:
(3.2)
0 lim←−
1Hn−1(Fβ ;G) Hn(X ;G) lim←−H
n(Fβ;G) 0
0
∏
lim←−
1Hn−1(Fα,β;G)
∏
Hn(Xα;G)
∏
lim←−H
n(Fα,β ;G) 0.
∏
lim←−
1(iα,β)
∗
∏
(iα)
∗
∏
lim←−(iα,β)
∗
Note that for each β a compact subspace Fβ has a nonempty intersection
with Xα only for finitely many α ∈ A and therefore, by theorem 13.2c in
[E-S] we have the following isomorphism:
(3.3)
Hn(Fβ;G)
∏
Hn(Fα,β ;G).
∼=
On the other hand, lim←−
∏
Hn(Fα,β ;G) ∼=
∏
lim←−H
n(Fα,β;G) and so the ho-
momorphism
(3.4)
lim←−H
n(Fβ;G)
∏
lim←−H
n(Fα,β ;G)
∏
lim←−(iα,β)
∗
is an isomorphism.
To complete the proof, it is sufficient to show that the homomorphism
(3.5)
lim
←−
1H∗(Fβ;G)
∏
lim
←−
1H∗(Fα,β ;G)
∏
lim
←−
1(iα,β)
∗
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is an isomophism.
Note that for each space X ∈ K2PolC , there exists a universal coefficients
formula:
(3.6)
0 Ext(Hn−1(X), G) H
n(X ;G) Hom(Hn(X), G) 0.
Therefore, each iα,β : Fα,β → Fβ inclusion induces the following commuta-
tive diagram:
(3.7)
0 Ext(Hn−1(Fβ), G) H
n(Fβ;G) Hom(Hn(Fβ), G) 0
0 Ext(Hn−1(Fα,β), G) H
n(Fα,β;G) Hom(Hn(Fα,β), G) 0.
Ext(iα,β)
∗ (iα,β)
∗ Hom(iα,β)
∗
The groups H∗(Fα,β) and H∗(Fβ) are finitely generated and so by Corollary
1.5 of [H-M] the diagram (3.7) induces the following commutative diagram:
(3.8)
0 lim←−
Ext(Hn−1(Fβ), G) lim←−
Hn(Fβ ;G) lim←−
Hom(Hn(Fβ), G) 0
0
∏
lim
←−
Ext(Hn−1(Fα,β), G)
∏
lim
←−
Hn(Fα,β;G)
∏
lim
←−
Hom(Hn(Fα,β), G) 0.
∏
lim
←−
Ext(iα,β)
∗
∏
lim
←−
(iα,β)
∗
∏
lim
←−
Hom(iα,β)
∗
On the other hand, we have:
(3.9)
lim
←−
Hom(Hn(Fβ), G) Hom(lim−→
Hn(Fβ), G) Hom(Hsn(X), G)
Hom(
∑
Hsn(Xα), G) Hom(
∑
lim
−→
Hn(Fα,β), G)
∏
Hom(lim
−→
Hn(Fα,β), G)
∏
lim
←−
Hom(Hn(Fα,β), G).
≈ ≈ ≈
≈ ≈ ≈ ≈
≈
Therefore, the homomorphism
(3.10)
lim←−Hom(Hn(Fβ), G)
∏
lim←−Hom(Hn(Fα,β), G)
∏
lim←−Hom(iα,β)
∗
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is an isomorphism. By the isomorphisms (3.4), (3.10) and the diagram (3.8)
we obtain that the homomorpism
(3.11)
lim←−Ext(Hn−1(Fβ), G)
∏
lim←−Ext(Hn−1(Fα,β), G)
∏
lim←−Ext(iα,β)
∗
is isomorphism as well. Note that Hn−1(Fβ) and Hn−1(Fα,β) groups are
finitely generated and so by proposition 1.2 and corollary 1.5 of [H-M], we
have the following diagram:
(3.12)
0 lim←−
1Hom(Hn−1(Fβ), G) Ext(lim−→
Hn−1(Fβ), G)
lim
←−
Ext(Hn−1(Fβ), G) 0
0
∏
lim
←−
1Hom(Hn−1(Fα,β), G)
∏
Ext(lim
−→
Hn−1(Fα,β), G)
∏
lim
←−
Ext(Hn−1(Fα,β), G) 0,
∏
lim
←−
1Hom(iα,β)
∗
∏
Ext lim
−→
(iα,β)
∗
∏
lim
←−
Ext(iα,β)
∗
where
(3.13)
Ext(lim
−→
Hn−1(Fβ), G)
∏
Ext(lim
−→
Hn−1(Fα,β), G)
∏
Ext lim
−→
(iα,β)
∗
is an isomorphism. Indeed,
(3.14)
Ext(lim−→Hn−1(Fβ), G) Ext(H
s
n−1(X), G) Ext(
∑
Hsn−1(Xα), G)
∏
Ext(Hsn−1(Xα), G)
∏
Ext(lim−→Hn−1(Fα,β), G).
≈ ≈ ≈
≈ ≈
Consequently, by the isomorphisms (3.11), (3.13) and the commutative di-
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agram (3.12) we obtain that the homomorphism
(3.15)
lim←−
1Hom(Hn−1(Fβ), G)
∏
lim←−
1Hom(Hn−1(Fα,β), G)
∏
lim←−
1Hom(iα,β)
∗
is an isomorphism.
While the groups Hn(Fβ;G) and Hn(Fα,β;G) are finitely generated, by
Corollary 1.5 of [H-M] we have the following commutative diagram:
(3.16)
lim
←−
1Hn(Fβ;G) lim←−
1Hom(Hn(Fβ), G)
∼
∏
lim
←−
1Hn(Fα,β;G)
∏
lim
←−
1Hom(Hn(Fα,β), G).
∼
∏
lim
←−
1(iα,β)
∗
∏
lim
←−
1Hom(iα,β)
∗
By the isomorphism (3.15) and the diagram (3.16) the homomorphism
(3.17)
lim←−
1H∗(Fβ;G)
∏
lim←−
1H∗(Fα,β ;G)
∏
lim←−
1(iα,β)
∗
is an isomophism as well. Therefore, by the isomorphisms (3.4), (3.17) and
the diagram (3.2), finally we obtained that
(3.18)
Hn(X ;G)
∏
Hn(Xα;G)
∏
(iα)
∗
is an isomorphism.
Theorem 3.2. IfH∗ is a cohomology theory in the Inasaridze-Mdzinarishvili-
Beridze sense defined on the category K2CW , then it is a cohomology theory
in the Berikashvili-Mdzinarishvili-Beridze sense.
Proof. For each space X ∈ KCW consider the direct system F = {Fβ}β∈B of
all compact subspaces. In this case, for each injective group G0 we have an
isomorphism:
(3.19) Hn(X ;G0) ≈ lim←−H
n(Fβ;G0).
Each Fβ has homotopy type of compact polyhedron, and so there is an exact
sequence (the universal coefficients formula):
(3.20) 0→ Ext(Hn−1(Fβ), G0)→ H
n(Fβ;G0)→ Hom(Hn(Fβ), G0)→ 0,
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which induces the long exact sequence:
(3.21)
0 lim←−Ext(Hn−1(Fβ), G0) lim←−H
n(Fβ ;G0) lim←−Hom(Hn(Fβ), G0)
lim←−
1Ext(Hn−1(Fβ), G0) lim←−
1Hn(Fβ;G0) lim←−
1Hom(Hn(Fβ), G0) . . . .
Note that for each injective group G0 the functor Ext(−, G0) is trivial and
by (3.21) we obtain the isomorphism:
(3.22)
lim
←−
Hn(Fβ;G0) lim←−
Hom(Hn(Fβ), G0).
≈
On the other hand,
(3.23)
lim
←−
Hom(Hn(Fβ), G0) Hom(lim−→
Hn(Fβ), G0) Hom(Hsn(X), G0).
≈ ≈
Therefore, for each injective group G0 we have
(3.24)
Hn(X ;G0) lim←−H
n(Fβ;G0) Hom(Hsn(X), G0).
≈ ≈
Consider any abelian group G and the corresponding injective resolution:
(3.25) 0→ G→ G′ → G′′ → 0.
Apply sequence (3.25) by the cohomological bifunctor H∗(X ;−), which
gives the following long exact sequence:
(3.26)
· · · → Hn−1(X ;G′)→ Hn−1(X ;G′′)→ Hn(X ;G)→ Hn(X ;G′)→ Hn(X ;G′′)→ . . . ,
which induces the following exact sequence:
(3.27)
0 Coker(Hn−1(X ;G′)→ Hn−1(X ;G′′)) Hn(X ;G)
Ker(Hn(X ;G′)→ Hn(X ;G′′)) 0.
On the other hand, if we apply the functor Hom(Hsn(X),−) to the sequence
(3.25) and take in to account that the groups G′ and G′′ are injective, then
we obtain the following exact sequence:
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(3.28)
0 Hom(Hsn(X), G) Hom(H
s
n(X), G
′)
Hom(Hsn(X), G
′′) Ext(Hsn(X), G) 0.
Therefore, for each integer n ∈ Z we have
(3.29) Ker(Hom(Hsn(X), G
′)→ Hom(Hsn(X), G
′′)) ≈ Hom(Hsn(X), G),
(3.30) Coker(Hom(Hsn(X), G
′)→ Hom(Hsn(X), G
′′)) ≈ Ext(Hsn(X), G).
Therefore, by (3.24), (3.29) and (3.30), the sequence (3.27) turned into the
following sequence:
(3.31)
0 Ext(Hsn−1(X), G) H
n(X ;G) Hom(Hsn(X), G) 0.
Theorem 3.3. IfH∗ is a cohomology theory in the Berikashvili-Mdzinarishvili-
Beridze sense defined on the category K2CW , then it is a cohomology theory
in the Mdzinarishvili sense.
Proof. For each space X ∈ K2CW consider the direct system F = {Fβ}β∈B of
all compact subspaces. In this case, each space Fβ has a homotopy type of a
compact polyhedron and so there exists the following short exact sequence:
(3.32) 0→ Ext(Hn−1(Fβ), G)→ H
n(Fβ;G)→ Hom(Hn(Fβ), G)→ 0,
which induces the following long exact sequence:
(3.33)
0 lim←−
Ext(Hn−1(Fβ), G) lim←−
Hn(Fβ ;G) lim←−
Hom(Hn(Fβ), G)
lim
←−
1Ext(Hn−1(Fβ), G) lim←−
1Hn(Fβ;G) lim←−
1Hom(Hn(Fβ), G) . . . .
By Corollary 1.5 in [H-M] we have:
(3.34) lim
←−
rExt(Hn−1(Fβ), G) = 0, r ≥ 1.
Sample paper 15
Therefore, by (3.33) and (3.34) we obtain the exact sequence:
(3.35)
0→ lim←−Ext(Hn−1(Fβ), G)→ lim←−H
n(Fβ ;G)→ lim←−Hom(Hn(Fβ), G)→ 0.
Naturally, there exists a commutative diagram:
(3.36)
0 Ext(Hsn−1(X), G) H
n(X ;G) Hom(Hsn(X), G) 0
0 lim←−Ext(Hn−1(Fβ), G) lim←−H
n(Fβ;G) lim←−Hom(Hn(Fβ), G) 0.
ψ ϕ χ
On the other hand by (3.23), we have χ : Hom(Hsn(X), G) = Hom(lim−→
Hn(Fβ), G)→
lim
←−
Hom(Hn(Fβ), G) is the isomorphism and so
(3.37) Kerψ ≈ Kerϕ, Cokerψ ≈ Cokerϕ.
Therefore, we obtain the following commutative diagram of the exact se-
quences:
(3.38)
0 Kerψ Ext(Hsn−1(X), G) lim←−
Ext(Hn−1(Fβ), G) Cokerψ 0
ψ
0 Kerϕ Hn(X ;G) lim←−
Hn(Fβ;G) Cokerϕ 0.
ϕ
≈ ≈
On the other hand, Hsn−1(X) ≈ lim−→Hn−1(Fβ) and so we obtain:
(3.39)
0 Kerψ Ext(lim−→Hn−1(Fβ), G) lim←−Ext(Hn−1(Fβ), G) Cokerψ 0
ψ
0 Kerϕ Hn(X ;G) lim←−H
n(Fβ;G) Cokerϕ 0.
ϕ
≈ ≈
By Proposition 1.2 in [H-M] for the direct system {Hn−1(Fβ)}β∈B of the
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homological groups we have:
(3.40)
0 lim←−
1Hom(Hn−1(Fβ), G) Ext(lim−→
Hn−1(Fβ), G)
lim
←−
Ext(Hn−1(Fβ), G) lim←−
2Hom(Hn−1(Fβ), G) 0.
ψ
Consequently, by (3.39) we obtain the exact sequence:
(3.41)
0 lim←−
1Hom(Hn−1(Fβ), G) Hn(X ;G)
lim←−H
n(Fβ ;G) lim←−
2Hom(Hn−1(Fβ), G) 0.
The homology groups Hn−1(Fβ) are finitely generated and by Corollary 1.5
(see 2e, 3e) [H-M] we have:
(3.42) lim
←−
2Hom(Hn−1(Fβ), G) = 0.
Using the the long exact sequence (3.33) and equality (3.34), we have
(3.43) lim←−
1Hom(Hn−1(Fβ), G) = lim←−
1Hn−1(Fβ ;G).
Consequently, by (3.41) we obtain the exact sequence:
(3.44)
0 lim←−
1Hn−1(Fβ;G) Hn(X ;G) lim←−
Hn(Fβ;G) 0.
Theorem 3.4. If H∗ is a cohomology theory in the Mdzinarishvili sense de-
fined on the category K2CW , then it is a cohomology theory in the Inasaridze-
Mdzinarishvili-Beridze sense.
Proof. By Theorem 3.1, H∗ is a cohomology theory in the Milnor sense and
by theorem 1.2, it is natural isomorphic to the singular H∗s cohomology and
so, it is an exact functor of the second argument. Therefore, to prove the
theorem it is sufficient to show that it has compact support for injective
coefficients group.
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For each space X ∈ K2CW consider a direct system F = {Fβ}β∈B of
all compact subspaces. Then, by condition of the theorem, we have the
following short exact sequence:
(3.45)
0 lim←−
1Hn−1(Fβ;G) Hn(X ;G) lim←−H
n(Fβ;G) 0.
Therefore, to prove the theorem, it is sufficient to show that for each injective
group G the first derivative group lim←−
1Hn−1(Fβ;G) is trivial. Indeed, by
(3.33) and (3.34) we have the following isomorphism:
(3.46) lim
←−
1Hn(Fβ;G) ≈ lim←−
1Hom(Hn(Fβ), G).
On the other hand, for each direct system {Hn(Fβ)}β∈B of abelian groups
we have:
(3.47)
0 lim←−
1Hom(Hn(Fβ), G) Ext(lim−→Hn(Fβ), G)
lim←−Ext(Hn(Fβ), G) lim←−
2Hom(Hn(Fβ), G) 0.
ψ
For an injective group G the functor Ext(−, G) is trivial and so by (3.47)
we have
(3.48) lim
←−
1Hom(Hn(Fβ), G) ≈ 0.
Therefore, by (3.43), (3.45), (3.46) and (3.48) for each injective group G
we have
(3.49) Hn(X ;G) ≈ lim
←−
Hn(Fβ;G).
By theorems 1.1, 1.6, 2.1, 3.1, 3.2, 3.3 and 3.4 we have:
Corollary 3.5. Let H∗ be a cohomology theory on the category K2CW with co-
efficients group G in the Milnor or Mdzinarishvili or Berikashvili-Mdzinarishvili-
Beridze or Inasaridze-Mdzinarishvili-Beridze sense, then for each (X,A) in
K2CW there is a natural isomorphism between H
n(X,A;G) and the n-th sin-
gular cohomology group Hns (X,A;G) of (X,A) with coefficients in G.
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